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We present a physical model for turbulent friction on rough surfaces with regularly distributed
roughness elements. Wall shear stresses are expressed as functions of physical quantities. Surfaces
with varying roughness densities and roughness elements with different aspect ratios are considered.
We propose a straight forward method based on the conservation of momentum to deduce the
drag on elements by expressing it as functions of the maximum drag and drag reductions ratios,
as the drag on individual elements decreases as packing density increases. A drag reduction effect
of momentum redistribution is proposed and the mutual sheltering effect is studied. These two
drag reduction mechanisms for individual elements are significant for sparse and dense surfaces,
respectively. Reduction ratios for redistribution effect and mutual sheltering effect are deduced, for
the two different types of rough surfaces. The shear stress on elements and the total wall shear stress
are obtained as the result of the drag analysis. The estimated wall shear stresses of the proposed
model are consistent with classical experimental measurements.
Turbulent flow over a rough surface is different from
that over a smooth surface, as roughness elements dis-
turb the flow and generally enhance turbulent friction.
Quantification of turbulent friction over rough surfaces
is the key to determine this disturbance and to char-
acterize the velocity profile[1–3]. It has been an open
problem for boundary layer studies for decades. Due
to the complexity of flow condition over rough surfaces,
studies on this subject relied on empirical functions to
approach measurements of wall shear stress. The pio-
neering experimental study of Nikuradse[4] parameter-
ized surface roughness with a sand roughness height and
found that the friction factor deviates from the turbulent
smooth-wall law as Reynolds number Re increases, while
it becomes independent of Re at higher Re[4]. How-
ever, another classical experiment of Schlichting[1], found
that the drag on rough surfaces depends on both rela-
tive height of elements and roughness density even for
large Re. This result implies that the height of ele-
ment h, the breadth of element b and the distance be-
tween the centers of adjacent elements D are needed
to parametrize a rough surface to account for possible
dependencies of wall shear stress on the geometries of
surfaces. Exemplary rough surfaces with different con-
figurations are shown in Fig 1. In this paper, we use
packing density b2/D2 and aspect ratio b/h to quantify
surface geometries. Schlichting pointed out that the to-
tal shear stress can be distinguished into the shear stress
on rough surface and the shear stress on smooth sur-
face, thus they can be measured separately and deter-
mined independently[1]. A common definition of total
wall shear stress τ is
τ = τr + τs (1)
here τr is the shear stress on roughness elements, τs is
the shear stress on underlying surface[5]. Schlichting
found that τ increases as roughness density increases,
and approaches its maximum at certain roughness den-
sity. Perry[6] carried out measurements of flow field over
regular rough surfaces, and categorized rough surfaces
into k-type and D-type, and described two distinctive
mechanisms of turbulent friction working for these two
types of surfaces, respectively[6]. Marshall[7] then con-
ducted an unique experiment which measured directly
the drag on elements over surfaces with wide ranges of
roughness densities and aspect ratios. In Marshall’s ex-
periment, the range of b2/D2 spans from 0.002 to 0.44,
the aspect ratios are 0.5 to 5 and the height of elements is
uniformly 2.54cm. The measured drag on individual ele-
ments decreases as b2/D2 increases. Based on Marshall’s
FIG. 1. Four examples of rough surfaces with differ-
ent configurations of b/h = 1/2, 1, 1 and 2; b2/D2 =
1/16, 1/16, 1/4 and 1/4; and bh/D2 = 1/8, 1/16, 1/4 and 1/8.
2experiment, Raupach[5] deduced a drag partition theory
for sparse surfaces with b/h = 1, covering k-type sur-
faces, based on a hypothesis for the size of wake. In this
drag partition theory, the ratio of τr/τs is proportional to
roughness density and it is validated against the experi-
ment of Marshall[7]. Raupach’s discovery encouraged us
to believe that, although the details of non-linear behav-
ior of turbulent flow over rough surfaces are difficult to
observe and quantify, it is possible to parameterize the
distribution of drag on surfaces with rational functions in
association with the geometry of surfaces. However, hy-
potheses on the size of wakes are not validated by exper-
imental measurements, existing theories do not directly
estimate wall shear stress or drag on rough surfaces[2, 5]
and there are still problems concerning mutual sheltering
effect for dense surface, i.e., D-type surface[8].
This paper studies turbulent friction on rough surfaces
in a deep fully-developed turbulent boundary layer with-
out obvious Reynolds number effect [4, 5, 7], including
both sparse surfaces and dense surfaces. On each sur-
face, the elements as well as the flow around each ele-
ment are considered identical showing periodic patterns.
For this reason, each element and its occupied area D2
of underlying surfaces are referred to as a unit surface.
The flow in the roughness layer obeys the conservation
of momentum over each unit surface. The flow above the
roughness layer is considered homogeneous and the ver-
tical momentum flux is a constant for all heights, related
to the dimensions of the flow field, e.g., pipe diameter or
boundary layer thickness, regardless of the geometry of
surfaces. This constant vertical momentum flux deter-
mines the limit of total momentum that can be absorbed
by the surfaces, which is also assumed as a constant for
certain flow condition and defined at the top of rough-
ness layer, in the form of shear stress as τrr. Both the
momentum of the flow in the roughness layer and the mo-
mentum absorbed by the surface contribute to τrr, which
could be considered as the total shear stress in fluid in
the immediate vicinity of the wall [9]. When wall shear
stress on a unit surface increases the momentum in the
flow and the momentum flux that impact an individual
element decreases, consequently the drag on each element
is reduced, relatively comparing to the drag on isolated
elements. This drag reduction effect for individual ele-
ments is named as redistribution effect. It occurs when
b2/D2 increases. For dense surfaces, a mutual sheltering
effect, which concerns the interaction among the wakes
of elements and the main flow, is significant [2]. Here
we first discuss the drag and wall shear stress for sparse
surfaces with the redistribution effect, before considering
mutual sheltering effect for dense surfaces.
Drag on an isolated element is usually quantified by a
drag coefficient Cr0:
Cr0 =
2wr0
ρu2hbh
, (2)
here wr0 is the drag that acts on an isolated element, typ-
ically deduced from the measured shift of element under
fluid pressure [7]; wr0 is the maximum drag on an element
under certain reference velocity for different b2/D2; ρ is
the density of air; uh is the reference fluid velocity at the
height of elements, measured on smooth surface. The
shear stress for an isolated element τr0 is
τr0 =
wr0
D2
. (3)
Note that, for isolated elements, τr = τr0. Here also de-
fines the shear stress on a smooth surface as τs0, it is the
maximum value of τs under certain reference velocity for
different b2/D2. The drag on elements wr and the drag
on a unit area of underlying surface τs decrease, as b
2/D2
increases, which is the result of the redistribution effect.
As the redistribution effect influences both the drag on
elements and underlying surfaces, here we propose a drag
reduction rate f as a factor in the expressions of τr and
τs. Let the momentum flux which impacts a unit surface
being proportional to the shear stress on an unit surface,
we have
{
τr = (1− f)τr0,
τs = (1− f)τs0,
(4)
here f is the drag reduction rate due to redistribution
effect, it represents the ratio of the reduced amount of
drag on an individual element to the drag on the isolated
element. It also represents the ratio of the momentum
flux that redistributed among all elements, i.e., τr, to the
total momentum flux τrr, when the momentum flux is
considered proportional to drag on a unit surface. Thus,
f =
τr
τrr
. (5)
Note that, Eq. 4 and Eq. 5 are valid for sparse surface
where the mutual sheltering effect is weak and insignifi-
cant, and τrr is taken as the maximum of the momentum
flux that can be absorbed by the elements. On denser
surfaces, the estimated τr may not reach τrr as the mu-
tual sheltering effect diverts and consumes momentum
flux[2, 8]. Substituting f in Eq. 4 with Eq. 5, we obtain
the expressions for τr and τs:


τr =
τrrτr0
τrr + τr0
,
τs =
τs0τrr
τrr + τr0
.
(6)
Eq. 6 are concise expressions for wall shear stresses on
sparse surface. It can be used to calculate wall shear
stresses with physical quantities. It can be also used to
deduce momentum flux τrr with measurements of wall
shear stresses. In another form of Eq. 6, wall shear
stresses can be expressed as functions of parameters of
surface geometry. Here we define a wrr as the drag on
3TABLE I. Original data from wind tunnel measurements [7],
with τs0 = 0.74Pa and uh = 20.3m/s.
b/h 0.5 1 2 3 5
Cf0 0.64 0.6 0.43 0.33 0.39
wr0(N) 0.0521 0.0977 0.140 0.1612 0.3175
elements corresponding to τrr. As the responds of ele-
ments with different b2 to the momentum flux τrr are
different, wrr is defined to be equal to τrrb
2. Replac-
ing shear stresses with drags and parameters of surface
geometry in Eq. 6 gives


τr =
τrrwr0b
2/D2
wrr + wr0b2/D2
,
τs =
τs0wrr
wrr + wr0b2/D2
.
(7)
Eq. 7 shows that τr and τs are functions of b
2/D2. With
a given aspect ratio, the dependencies of τr and τs on
bh/D2 can also be determined. Then the partition of
drag is
τr
τ
=
τrrwr0b
2/D2
τrrwr0b2/D2 + τs0wrr
. (8)
With Eq. 2 and data from the experiment of Marshall
[7](see Tab. I, τrr = 6Pa by Eq. 7), τr/τrr as well as
drag partition τr/τ are calculated by Eq. 7 and Eq. 8,
they are shown in Fig. 2 and Fig. 3, respectively. The
estimations and experimental measurements agree well
for varying b2/D2 and b/h in these two Figures.
Then we consider dense surfaces. It is generally be-
lieved that τr increases monotonically with b
2/D2 be-
fore it approaches its maximum, as it is shown in Fig. 2.
And some measurements show a peak of shear stress at a
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FIG. 2. Comparison of wall shear stress on elements between
the proposed theory and Marshall’s data (M71).
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FIG. 3. Comparison of drag partition between the proposed
theory and Marshall’s data (M71).
threshold b2/D2, before b2/D2 reaches its maximum, e.g.,
Schlichting [1] observed a peak at bh/D2 = 0.316 (denser
than Fig. 1(c)) on a surface with spherical elements with
a diameter of 4.1mm, out of 21 different types of surfaces.
For dense surfaces, when it is almost fully packed with
elements, τ is inevitably reduced to a value close to τs0,
if there is no gaps on the fully packed surface and h is not
significant comparing to the dimension of flow field [2].
The mutual sheltering effect is assumed to be responsible
for this reduction of shear stress.
When an element is placed on a rough surface, the
element expels a volume of fluid to the main flow. A
portion of the momentum carried by the displaced fluid
is absorbed by the surface, the rest is ejected upward to
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FIG. 4. Comparison of τMS between the proposed theory and
Marshall’s data. The legend is the same as Fig. 2 and Fig. 3.
4the main flow, and a wake is formed as the result of the
development of the displaced fluid. When many more
elements are placed on a surface, their wakes start to
shelter each other and wall shear stresses are reduced,
this is the mutual sheltering effect. The latest study on
this effect is an empirical model based on simulations by
Ref. 8. However, there is still empirical parameters due
to difficulties in determination of the size of wake, thus
we choose to study mutual sheltering effect by analyzing
the momentum of displaced flow rather than the size of
its developed form.
As the direction of the displaced fluid and the mo-
mentum flux from the inertial layer to the surface are
opposite, the total momentum flux and the shear stress
on elements decrease as each element is added on the sur-
face. In consistent with the definition of drag coefficient
in Eq. 2, we set the integrated momentum of the fluid
displaced by an element as 0.5ρu2hbh. And the poten-
tial integrated momentum that could be displaced when
the surface is fully packed is 0.5ρu2hnD
2, here n is the
number of elements in the whole flow field. Thus, the
reduction rate of momentum flux and drag is bh/(nD2).
The modified total wall shear stress by considering mu-
tual sheltering effect is
τMS = τ(1 −
bh
nD2
)n, (9)
here τMS is the total shear stress concerning mutual shel-
tering effect. Eq. 9 shows that the mutual sheltering
effect is weak for small b2/D2, as estimated. When n
approaches infinity great, which means very dense sur-
face, (1− bh/(nD2))n approaches e(−bh/D
2). Thus, with
τ from Eq. 7, τMS is
τMS =
τrrwr0b
2/D2 + τs0wrr
wrr + wr0b2/D2
e(−bh/D
2). (10)
Estimation of τMS/τrr as well as the nondimensionalized
total wall shear stress from Marshall’s experiment[7] are
shown in Fig. 4. Most estimations in Fig. 4 are consis-
tent with the measurements, the rest have discrepancies
mainly from surfaces with large aspect ratios. The cause
of discrepancies is the cylindrical elements used in Mar-
shall’s experiment, which means there are still gaps when
the surface is fully packed. We tried to replace b2 with
0.25pib2 to account for the cylinders in the raw data, but
such modification does not eliminate the discrepancies.
The influence of differences in shapes of elements to the
drag law remains to be discovered. However, Fig. 4 as
well as Fig. 2 and Fig. 3 are satisfactory results for a
general physical model of wall shear stress. Note that,
Fig. 4 cannot serve as a validation for the existence of
the peak of total shear stress, we need more drag data to
validate Eq. 10 on very dense surfaces with elements of
large aspect ratios, particularly direct measurements of
drag on elements.
In the proposed model for turbulent friction, the ex-
pressions for wall shear stresses, with or without mutual
sheltering effect, are analytical expressions of physical
quantities. The mechanisms of drag reduction on indi-
vidual elements due to redistribution effect and mutual
sheltering effect are considered, for sparse and dense sur-
faces. Both reduction rates of these two mechanisms are
expressed as factors in the model. This model is appli-
cable for surfaces with varying b2/D2 and b/h. Drag on
surfaces determines the structure of flow near surfaces,
particularly for sparse surface. In the model, τrr serves
as the link between the shear stress on surfaces and the
momentum flux in the inertial layer. It can be deduced by
measurements of wall shear stresses, yet difficult to mea-
sure directly or simulate with DNS at high Re. Studies
are required to associate τrr with parameters of velocity
profile by the proposed model, to determine the contri-
bution of roughness to the structure of flow.
The key to success in building this model for turbu-
lent friction is the decomposition of this problem. The
rough surfaces are firstly distinguished into sparse and
dense surfaces and discussed respectively. Then the two
drag reduction effects for individual elements are pro-
posed and quantified independently. And most impor-
tantly, drags and shear stresses are treated differently as
their dependencies on parameters of the geometry of sur-
faces are different. This method allow us to simplify a
non-linear process into independent linear relationships
among physical quantities and form a physical model.
Also for this reason, the estimated quantities are ana-
lyzed and determined independently and only nondimen-
sionalized when they are plotted in the diagrams. There
could be different ways to understand the proposed ex-
pressions and mechanisms of momentum transfer in the
roughness layer. However, the most urgent practice is to
acquire more data to validate this model for very dense
surfaces and locate the peak of wall shear stress.
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